Abstract:
For a number of different formulations of robust portfolio optimization, quadratic and absolute, we show that a) in the limit of low uncertainty in estimated asset mean returns the robust portfolio converges towards the mean-variance portfolio obtained with the same inputs; and b) in the limit of high uncertainty the robust portfolio converges towards a risk-based portfolio, which is a function of how the uncertainty in estimated asset mean returns is defined. We give examples in which the robust portfolio converges toward the minimum variance, the inverse variance, the equal-risk budget and the equally weighted portfolio in the limit of sufficiently large uncertainty in asset mean returns. At intermediate levels of uncertainty we find that a weighted average of the mean-variance portfolio and the respective limiting risk-based portfolio offer a good representation of the robust portfolio, in particular in the case of the quadratic formulation. The results remain valid even in the presence of portfolio constraints, in which case the limiting portfolios are the corresponding constrained meanvariance and constrained risk-based portfolios. We believe our results are important in particular for risk-based investors who wish to take into account expected returns to gently tilt away from their current allocations, e.g. risk parity or minimum variance.
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The idea that financial decisions and portfolio construction should be based on the trade-off between risk and return was introduced more than 60 years ago by Markowitz [1952] . This idea is the backbone of mean-variance optimization (MVO) which selects the optimal portfolio by trading-off portfolio return, estimated from the mean value of the random asset returns, against portfolio risk, estimated from asset return variances and covariances. In MVO, these inputs are assumed to be deterministic and the optimal portfolio can be found by solving a convex quadratic programming problem seeking either the maximization of portfolio returns for a maximum level of tolerated portfolio risk or minimizing the portfolio risk for a minimum level of acceptable portfolio returns.
As shown by Black and Litterman [1992] , the optimal portfolio selected with MVO is not robust with respect to small changes in inputs, in particular in asset mean returns, since these can lead to large changes in portfolio allocation. Moreover, in MVO, assets with positive estimation error will be overweighted while assets with negative estimation error will be under-weighted, which is why MVO is sometimes referred to as an error maximizer. Since estimates of market parameters are subject to significant statistical errors, the portfolios obtained from MVO are often not workable from a practical point of view. Kritzman [2006] discusses this at length. Chopra [1993] and Frost and Savarino [1988] suggested adding portfolio constraints to the MVO problem so that the optimal portfolio is kept within feasible bounds. Unfortunately the optimal portfolio tends to be sensitive to the choice of portfolio constraints, which is often quite subjective.
This solution is thus relatively arbitrary and of limited practical interest.
A more sophisticated approach is to use robust estimation approaches so as to reduce the statistical error in the mean returns. This is achieved by using some form of shrinkage of the mean returns towards a sensible value. Chopra and Ziemba [1993] proposed the use of the James-Stein estimator to shrink mean returns towards equal returns, while Black and Litterman [1990] proposed shrinking mean returns towards market-implied returns. While these approaches help in rendering MVO more robust, they also require additional shrinkage parameters that are not necessarily clear for estimation purposes and can have a significant impact on the optimal portfolio allocation.
More recently, we have seen an increase in interest in risk-based portfolio construction methods, as discussed by Leote De Carvalho, Lu and Moulin [2012] . These approaches increase the robustness of the optimal portfolio by avoiding the estimation of any or all of the mean returns, variance and covariances. Instead, these are set to what may be regarded as sensible values 1 . The minimumvariance portfolio is mean-variance efficient and has the highest Sharpe ratio if the asset mean returns are all equal. The equal risk budgeting portfolio proposed by Dalio [2005] (also known as risk parity)
is mean-variance efficient with the highest Sharpe ratio portfolio if we assume that the asset mean returns are proportional to the asset volatilities and also that the return correlations are all equal. The inverse variance (IV) portfolio is mean-variance efficient with the highest Sharpe ratio if all the assets have the same mean returns and the correlations between the returns of any pair of assets are equal.
Finally, the equally-weighted portfolio is mean-variance efficient with the highest Sharpe ratio if all asset mean returns, variances and correlations are equal. Despite growing popularity, these approaches have been criticized for their implicit assumptions on asset mean returns. For example, the success of the equal risk budgeting approach (risk parity) to multi-asset portfolios has been attributed to its overweight in Treasuries when compared to more traditional multi-asset approaches. The future success of the approach for multi-asset portfolios is now in question when one takes into account the extremely low level of yields that makes it less likely for Treasuries to continue to perform as well in the future as they have in the past.
Michaud [1998] proposed the use of re-sampling methods to generate different samples, each with their own mean, variances and covariances. MVO can be applied to each sample and the final portfolio is an aggregation of the portfolios generated for each sample. Scenario-based stochastic programming methods also address the problem of uncertainty in the inputs by generating different scenarios in advance. Traditional stochastic linear programming selects the portfolio that produces the best objective function value over all scenarios. Dynamic programming methods could be used to deal with stochastic uncertainty over multiple periods, with the optimization problem solved backwards recursively, computing the optimal portfolio at each period. However, these approaches are not only computationally intensive; they become inefficient when the number of assets grows, as discussed by Scherer [2002] , and they lack a strong theoretical underpinning.
Robust portfolio optimization was introduced by Lobo, Vandenberghe, Boyd and Lebret [1998] as a tractable alternative to stochastic programming. It is an extension of the robust optimization framework proposed by Ben-Tal and Nemirovski [1998] , who study convex optimization while taking into account uncertainty in the data. This approach to portfolio selection considers the uncertainty associated with the inputs in the optimization problem. Instead of assuming mean returns, variances and covariances as deterministic, robust optimization seeks the optimal portfolio that remains optimal for all values of returns, variances and covariances that remain close to their estimated values.
Relatively general assumptions on the distributions of the uncertainty of inputs are made in order to come up with formulations of the portfolio selection problem that are more tractable. These formulations are typically worst-case scenario optimizations of the original portfolio selection problem in terms of deviations of inputs from their normal values. Tütüncü and König [2004] considered that neither the asset mean returns nor the covariance matrix is known deterministically. Instead, there are many possible sets of asset mean returns and many possible covariance matrices. Their early work introduces the idea of splitting the robust optimization into a two-step max-min optimization problem: they propose a solution where they seek the vector of portfolio weights that maximizes the worst case utility for all possible combinations of covariance matrices and asset mean return vectors. They show that this problem can be simplified, in the case of a long only portfolio, to that of solving a traditional MVO problem for the worst variance covariance matrix and for the worst expected return vector. Ceria and Stubbs [2006] reformulated the problem of robust optimization by proposing a quadratic form of the robust portfolio in which they create a distinction between the estimated covariance of asset returns and the covariance matrix of estimation errors in asset mean returns. Ceria and Stubbs [2006] claim this separation yields more robust portfolios but do not in our view provide sufficient details with regard to the choice of or the impact of that choice on the robust optimization process.
They also propose an additional constraint on how the uncertainty of returns is defined -the zero net adjustment -to render the robust optimization less conservative.
Scherer [2006] discusses the choice of  proportional to . In this case, he demonstrates that robust optimization is equivalent to a non-normalized shrinkage approach. The robust portfolio is an exactweighted average of the MVO and the minimum variance (MV) portfolio, at least in the absence of portfolio constraints other than the budget constraint, i.e. the sum of portfolio weights equals one. He also shows that if the estimation error is large then the robust portfolio converges towards the MV portfolio. Fabozzi, Kolm, Pachamanova and Focardi [2007] introduced a form of robust optimization that is valid when the asset mean returns are not too far from the true expected returns. In this formulation, the absolute spread between the estimated and the true expected returns should be smaller than a given level of uncertainty, . However, the differences between this and other formulations were not discussed.
The goal of this paper is to take the understanding of robust optimization one step further. By looking at limiting portfolios in the cases of both large and small uncertainty in mean returns, we provide the intuition necessary to demystify portfolios selected by robust optimization. For this we extend the work of Ceria and Stubbs [2006] , Scherer [2006] and Fabozzi et al. [2007] and consider both quadratic and absolute formulations of the robust optimization problem with different definitions of the uncertainty box about mean returns. In all the cases we considered, we find that the robust optimization problem can be reasonably well represented by a weighted average of the mean-variance portfolio and a risk-based portfolio. We also show that the robust portfolio converges towards the mean-variance portfolio when the uncertainty in the estimation of asset mean returns is low. In the limit of large uncertainty we show that the robust portfolio converges towards risk-based portfolios.
The risk-based portfolio is a function of how the uncertainty box about mean returns is defined. For the quadratic formulation of Ceria and Stubbs [2006] , if  is proportional to , we find that the robust portfolio converges towards MV. If  is given by the identity matrix then we find the equally weighted (EW) portfolio in the limit of large uncertainty. If  is a diagonal matrix only containing variances then we find that the robust portfolio converges towards the IV weighted portfolio. With this choice of , if we add a zero-net adjustment constraint to the Sharpe ratio of assets we then find that the robust portfolio converges towards the equal-risk budgeting portfolio. For the absolute formulation we find that the robust portfolio converges towards the EW portfolio if the uncertainty is the same for all asset mean returns, and converges towards the equal risk-budget (ERB) portfolio if the uncertainty is the same for the Sharpe ratio of all assets.
We show that where there are small degrees of uncertainty, the robust portfolio deviates quickly from the mean-variance portfolio. If  is proportional to then the robust portfolio is always an exactweighted average of the MVO portfolio and the MV portfolio, even when portfolio constraints are imposed. For other forms of the uncertainty box, the decomposition of the robust portfolio into a MVO and a risk-based portfolio is not exact but continues to be an approximate representation of the underlying robust portfolio allocation, even in the presence of portfolio constraints. This representation of the robust portfolio as a weighted average of the mean-variance portfolio and a riskbased portfolio is more accurate in the case of the quadratic formulation, as confirmed by numerical examples.
In the reminder of the paper we will overview some key aspects of mean-variance, risk-based and robust optimization that will support our claims. We introduce different formulations of robust optimization, quadratic and absolute, and derive the limiting risk-based portfolios found in the case of large estimation error. We conduct numerical exercises to investigate the claim that a weighted average of the MVO and a risk-based portfolio provides a good simplified representation of the robust portfolio and found this to be confirmed in the case of the quadratic formulation and also to some extent in the case of the absolute formulation. We also show that the analysis holds true even in the presence of portfolio constraints. Finally in this paper, we propose some applications of the results.
MEAN-VARIANCE PORTFOLIOS
The MVO portfolio selection problem can be written in terms of the following well-known quadratic problem for the asset weights in the portfolio for the explicit trade-off between portfolio returns and portfolio risk:
. . = 1
Here is the vector of the estimated mean value of asset returns, is the estimated covariance matrix of asset returns, the risk aversion of the investor and is the vector of ones, =(1, …, 1). A closed solution to this optimization problem can be written in the form:
Another well-known formulation of the closed solution to the MVO problem is:
which separates the portfolio weights into the sum of a speculative portfolio , which is a function of the asset mean returns, and a MV portfolio , which is not. This solution can be found by solving the optimization problem in equation (1) using its Lagrangian ( , ), where is the Lagrange multiplier associated with the budget constraint = 1:
Equation (3) can be obtained by differentiating the Lagrangian (4) with respect both to the Lagrange multiplier and to the portfolio weights , setting these partial derivatives to zero and then solving for the Lagrange multiplier and substituting it back into the condition for the derivative with respect to the portfolios weights:
The MVO optimal portfolio often contains short positions and tends to be oversensitive to small changes in the mean value of asset returns and also to changes in the covariance matrix . Small changes in the vector of mean returns are likely to lead to large changes in the portfolio, in particular in the presence of fairly close substitutes, i.e. strongly correlated assets. Because of estimation error in inputs, the actual efficient frontier estimated from MVO can be far from the true frontier and in general the estimated frontier is above the true frontier.
RISK-BASED PORTFOLIOS
Risk-based portfolios do not require an explicit estimation of asset mean value returns. These approaches for portfolio construction rely solely on the estimation of asset variances and covariances for managing portfolio risk and for increasing diversification. The approaches presented below are solutions to the MVO portfolio selection problem under certain simple assumptions for the asset mean returns, for the variances or for the covariances.
The EW portfolio is the simplest approach to portfolio construction based on the idea of diversification, allocating the same dollar amount to each asset. For N assets, the weight of each asset is the same and equal to −1 and the vector of asset weights in the portfolio can be written as:
with the identity matrix, i.e. a diagonal matrix of ones. This portfolio is mean-variance efficient, maximizing the Sharpe ratio if we assume that all assets have the same mean value return and the same volatility and if all pair-wise correlations are equal.
The ERB portfolio allocates the same risk budget to all assets and requires only the estimation of asset volatilities. The risk budget allocated to asset i is the product of the asset volatility with the asset weight . Thus, the weight of asset i in the ERB portfolio is just the inverse of the volatility normalized by the sum of the volatility of all assets,
, and the vector of asset weights in the portfolio is then:
with a diagonal matrix of asset volatilities. If the Sharpe ratio for each asset is the same and all pairwise correlations are equal then the ERB portfolio is mean-variance efficient and has the highest possible Sharpe ratio.
In the IV portfolio the weight of each asset is inversely proportional to the variance 2 of asset i,
with a diagonal matrix of asset variances. This portfolio is mean-variance efficient and maximizes the Sharpe ratio if all assets have the same mean value return and if all pair-wise correlations are equal to the same constant. This portfolio construction requires the estimation of asset variances only.
The MV portfolio has the lowest possible estimated variance and requires the estimation only of the asset covariance matrix . The asset weights in the MV portfolio can be estimated from:
If not constrained, the MV portfolio is likely to include short positions for the riskier assets. The MV portfolio is always optimal in a mean-variance sense. In the case where all asset returns are equal then the MV portfolio also maximizes the Sharpe ratio. Lobo, Vandenberghe, Boyd and Lebret [1998] introduced robust portfolio optimization, a process which takes into account the uncertainty in the inputs directly in the optimization problem. Although there is more than one formulation of the robust optimization problem, these formulations tend to result in a maximization of the worst-case scenario portfolio return for a given confidence level subject to risk-return considerations. In MVO, the portfolio selection problem simply maximizes portfolio return with risk considerations.
ROBUST OPTIMIZATION
As shown by Merton [1980] , the accuracy in the estimation of the covariance of asset returns increases when higher frequency data is available. This is much less the case for the estimation of mean returns. Moreover, although both the asset mean returns and the covariances change over time, the persistence of the covariance matrix is higher because variances and covariances change more slowly than mean returns. For this reason we focus our analysis on more tractable approaches that consider only the error in the estimation of returns. Other formulations exist that also take into account the error estimation in the covariance matrix. Unfortunately this renders the problem substantially more complex. Below, we discuss two formulations that have been put forward in the literature.
Quadratic form: definition
Let us consider a portfolio with N assets and a vector of true mean returns, ̅ a vector of estimated mean returns and the covariance matrix of estimation errors for the vector of estimated returns 2 .
is a symmetric positive definite matrix. It is then well known from statistics that the estimated mean returns lie inside the ellipsoidal confidence region:
with a probability α, where 2 = 2 (1 − ) and 2 is the inverse cumulative distribution function of the chi-squared distribution with N degrees of freedom. According to (10), the acceptable mean returns taking into account error estimation, will be such that the scaled sum of the square of the spreads between the true mean returns and the estimated returns will be smaller or equal to 2 , with the scaling factor being the inverse of the covariance matrix of the estimation errors.
The robust optimization will seek the portfolio that remains optimal even when the mean returns take their worst possible values as defined in (10). Mathematically, this can be solved by modifying the original MVO problem (1) into a min-max problem, seeking the portfolio weights that maximize the returns of the worst scenario portfolio for a given level of risk, with the asset mean returns drawn for the confidence region in (10):
This equation can be simplified into a problem that closely resembles MVO. As proposed by Scherer [2006] , the ( ) in equation (11) under the constraint (10) can be found by assessing how large the spread between the expected and realized portfolio return can become, given a particular confidence level and a portfolio allocation. This is equivalent to maximizing the difference between the expected portfolio return ̅ calculated from the true asset mean returns and the worst statistically equivalent portfolio return for those inputs that are along the ellipsoid defined in (10). This problem of maximizing the spread ̅ − for a given portfolio allocation can be solved using a standard Lagrangian multiplier approach. The Lagrangian associated with
with the Lagrange multiplier associated with the constraint on estimated returns defined in (10).
Equating to zero both partial derivatives of ( , ) relative to and to and then solving for ̅ leads to the solution:
If we multiply this result by and use it in (11), we can rewrite equation (11) as:
If is small then both the MVO and the robust portfolio will be similar as the term in the middle vanishes and equation (14) will be equivalent to equation (1). If is large then the optimal solution can deviate significantly from the solution proposed by MVO.
Equation (14) can no longer be solved using quadratic programming because of the square root in it. It must be solved using either second-order cone programming (SOCP) or an optimizer that can handle general convex expressions. These optimization algorithms are readily available in many standard statistical software packages and run almost as fast as traditional quadratic algorithms for practical portfolio optimization applications.
It is interesting to look in more detail at equation (14) and its properties. For this, we define a new Lagrangian ( , ), now of equation (14), with the Lagrange multiplier associated with the budget constraint = 1:
and differentiate the Lagrangian with respect to the portfolio weights to obtain the condition:
Equation (16) is similar to equation (5) for MVO replacing with a shrinkage non-normalized covariance matrix Q defined as:
with the scalar defined as:
a function of the portfolio risk aversion , of the estimation error in the asset mean returns , of the number of observations n and of the standard deviation of expected returns √ . An increase in or a reduction in the number of observations n will increase the values of this new covariance matrix
. Since is a function of the portfolio weights, there is no closed solution for the optimal robust portfolio.
Differentiating equation (15), with respect to the Lagrange multiplier and to the vector of portfolio weights, setting the partial derivatives to zero and then solving for the Lagrange multiplier and substituting this back into the derivative (16) of the Lagrangian with respect of portfolio weights, leads to:
which closely resembles equation (3) for MVO with replacing . Although there is no closed solution for the robust portfolio, because is a function of the portfolio weights, we can see that in the limit when the uncertainty in the asset mean return falls to zero or the number of observations raises to infinity, both leading to → 0, the matrix converges towards the estimated covariance matrix and, from (19), it is clear that the robust optimization problem turns out to be equivalent to MVO, as should have been expected.
We can also investigate the limit of infinitely large uncertainty in the estimation of mean asset returns or number of observations falling to zero, both resulting in → ∞. In this case is a function of only as seen from (17) and:
and:
The impact of Σ on the selected robust portfolio vanishes in this limit of large uncertainty in the expected returns or falling number of observations. The structure of the covariance matrix of estimation errors for the vector of estimated returns dominates the problem of portfolio selection:
In this limit the only driver of the allocation is the choice of .
Quadratic form: zero net adjustment
The formulation of the robust optimization problem as given in equation (11) is too conservative as it assumes the worst possible case scenario for estimation errors in asset mean returns. This pessimism can be softened by adding an additional constraint to render the problem less conservative. Indeed we add one more constraint to equation (11), to further limit the uncertainty box:
If we use = , the identity matrix, then this constraint defines a zero net adjustment constraint imposed to the estimation error of asset mean returns, with as many realizations expected above the true mean returns as below. If we use = , a diagonal matrix of asset volatilities, then this constraint (23) instead defines a zero net adjustment constraint imposed to the estimation error of asset Sharpe ratios.
Despite this additional constraint, equation (11) can still be handled analytically as before. The
Lagrangian defined in (12) now includes an additional Lagrange multiplier to take into account the net zero adjustment constraint:
This equation must be solved by setting to zero the partial derivatives of the Lagrangian relative to the two Lagrange multipliers and to the estimated asset mean returns. The algebra is tedious but straightforward and was given by Ceria and Stubbs [2006] . The equivalent of equation (13) turns out as:
And the robust optimization problem can be re-written as:
with the matrix defined as:
The results in the previous section will continue to hold with now replaced by . In particular we continue to find the MVO portfolio in the limit of low uncertainty. If is invertible then, in the limit of large uncertainty we still find a risk-based strategy as in equation (22), but now defined as:
If is not invertible then we need to solve for:
Below we consider a sensible choice of and leading to a which cannot be inverted. However, in the example we can still find a risk-based portfolio when solving (29).
Quadratic form: examples
As suggested by Fabozzi et al. [2007] , several approximate methods for estimating have been found to work well in practice. Simpler estimation approaches, such as computing the diagonal matrix of the variances of estimates, as opposed to the complete error covariance matrix, often provide most of the benefit in robust optimization.
We considered three possible choices 3 for . In the first we assume that all errors in the estimation of the asset mean returns are of the same order of magnitude, i.e. they do not depend on the variance of the mean returns. Additionally, we assume that the error estimation of the mean return of an asset is fully independent of the error estimation of the mean returns of different asset, even if the returns appear correlated in the past. Under such assumptions, should be proportional to the identity matrix I. If we use this in equation (22) we find that under such an assumption, in the limit of large uncertainty in the estimation of mean returns, the robust optimization converges towards the EW portfolio as defined in (6).
A second possible choice is to assume that the estimation error in the asset mean returns are proportional to the asset variance but that should still be diagonal, indicating that we still believe the estimation of error in the mean returns of an asset is independent from that for another asset. In this case is a diagonal matrix A with only asset variances, and the robust portfolio converges towards the inverse portfolio as given in (8).
Another simple choice is to assume that the covariance matrix of errors in estimated mean returns is proportional to the estimated covariance matrix of asset returns . In such a case the robust portfolio will converge towards the MV portfolio in (9) when the uncertainty is too large or the number of observations behind the estimated mean returns is too small. Moreover, as demonstrated by Scherer [2006] , in this particular case the robust portfolio is nothing more than an exact-weighted average of MVO and MV for all . Indeed, from (19) we can show easily that with the choice = −1 the robust portfolio is: If we consider the quadratic formulation, which includes the zero net adjustment constraint as defined in (23), and choose = , a diagonal matrix of asset variances, and = , zero net adjustment imposed to the Sharpe ratio estimation errors, then it can be shown from (29) that the robust portfolio converges towards the equal risk budgeting portfolio as defined in (7). We give more details in the appendix.
In Exhibit 1 we summarize these results. From a practical point of view, if the number of observations is small, then the error in the estimation of the variances and covariances is likely to be large. Should the number of observations be small, the second and third proposed forms for are not recommended.
Exhibit 1: Risk-based portfolios found as solutions to the quadratic formulation of the robust optimization portfolio selection problem in the limit of large uncertainty in expected returns (i.e. → ∞) for three different forms for the covariance matrix of estimation errors in the asset mean returns.
Quadratic form: numerical application
An important question for practitioners is the speed of convergence of the robust portfolio towards either the MVO solution in the case of small uncertainty or towards the risk-based portfolios in the case of large uncertainty. We shall investigate this using a numerical application of the quadratic form of the robust optimization.
All data was downloaded from Bloomberg. We used monthly time series of total returns in USD with dividends reinvested in the case of equities, coupons reinvested and interest accrued in the case of In order to investigate the speed of convergence towards limiting cases we vary which, as shown from its definition in (18), can change as a function of three parameters: the uncertainty in the expected returns , the number of observations n and the standard deviation of the errors estimation in expected returns √ . For simplicity we chose to vary by changing the uncertainty in the expected returns only.
We first built the limiting portfolios for these five assets. In Exhibit 3 we show the MVO portfolio that maximizes the Sharpe ratio. This is found using the data in Exhibit 2 as input in equation (2). We also show the EW, ERB, IV and MV portfolios which can be found from equations (6), (7), (8) and (9), respectively, also using data from Exhibit 2 when required. All these portfolios show significantly different allocation to the available assets. For MVO and MV we also include the long-only constrained portfolios.
Exhibit 3:
Limiting portfolios for quadratic formulation of robust optimization, based on the historical data in Exhibit 2 when required. Two of these portfolios, MVO and MV, include short positions. Thus, we also include the MVO and MV under long-only constraint.
As shown in (30), if is proportional to then the selected portfolio from robust optimization is a simple weighted average of the two limiting portfolios, the MVO and MV. In the other cases, the robust portfolio is no longer necessarily a weighted average of the MVO portfolio and the corresponding risk-based portfolio found in the limit of large uncertainty. Here we investigate to what extent the weighted average of the MVO portfolio and a risk-based portfolio is still a good representation of the robust portfolio at different levels of uncertainty for other two forms of in Exhibit 1. We generate the solution to the robust optimization problem using the inputs from Exhibit 2 and vary by changing the error . The exercise is repeated for the three different choices of , and also for the case with zero net adjustment imposed to the estimation error of Sharpe ratios. We then regress the robust portfolio asset weights on the asset weights of the two limiting portfolios from Exhibit 3: the unconstrained MVO and the corresponding unconstrained risk-based portfolio, as detailed in Exhibit 1. The asset weights in these portfolios are given in Exhibit 3. We only impose the budget constraint that the sum of asset weights in each portfolio adds to one. No other portfolio constraints are added. In the regression of the robust optimization portfolios on the two limiting portfolios, we also impose the constraint that the sum of the two regression coefficients equals one.
However, even when we did not impose this constraint we found that the results from the regression were still extremely close to those presented here. The results are shown in Exhibit 4. The exposure to the unconstrained risk-based portfolio is the coefficient obtained from the regression. The exposure to the unconstrained MVO portfolio is simply 100% minus the exposure to the unconstrained risk-based portfolio.
Exhibit 4: Exposure of the quadratic robust optimization portfolio to the risk-based portfolio as a function of the uncertainty in the estimated returns for three different forms of the covariance matrix of the estimation error in the mean returns, with one example also including a zero net adjustment imposed to the estimation error of Sharpe ratios. Unconstrained portfolios.
Without the zero net adjustment constraint, the exposure of the robust portfolio increases smoothly from zero in the limit when , → 0 to 100% in the limit when , → ∞. With the zero net adjustment constraint, the exposure to the risk-based portfolio no longer changes smoothly with . In this case, the maximum exposure to the risk-based portfolio is reached abruptly and the convergence is much faster than for the equivalent robust optimization problem without the zero net adjustment,
i.e. with = . It is interesting that although the zero net adjustment was introduced to make the robust optimization problem less conservative, the result is that the risk-based limit is reached faster.
And the risk-based limit is perhaps even more conservative, i.e. ERB instead of IV. The percentage weight of risk-based portfolio in the robust portfolio increases quickly with confidence at lower  values. We find that at  5% confidence, which with five assets is found for  = 1.14, the risk-based portfolios already represent a significant weight in the robust portfolio: 37% when the uncertainty in returns is defined by the identity matrix, 51% when the uncertainty is defined by the diagonal matrix with estimated variances and 25% when the uncertainty is defined by the estimated covariance matrix. The weight of the risk-based portfolio increases significantly at  = 50% confidence level to 61%, 81% and 56%, respectively. This level of confidence is found with  = 4.35.
At larger  values, the convergence towards the risk-based portfolios slows considerably. This is explained by the shape of the   distribution and is the reason we used an exponential scale in Exhibit 4. At  = 75% confidence, with  = 6.69, the robust portfolio is essentially dominated by the riskbased portfolio with 68%, 87% and 66%, respectively.
For the example with zero net adjustment we find that at  = 5%,  = 1.14, the weight of the riskbased portfolio is already 58% and at  = 22%, with  = 2.46, the robust portfolio is already undistinguishable from the risk-based portfolio, in this case the ERB.
We now investigate to what extent the simple weighted average of the MVO portfolio and the riskbased portfolio remains a valid representation of the selected portfolio from robust optimization, even beyond the choice = −1 , where we know from equation (30) that the result is exact.
In Exhibit 5 we show the R-squared from the regressions used in Exhibit 4 for the projection of the robust portfolio on the MVO and the respective risk-based portfolio. In the case where = −1 . the R-squared is exactly one for all  as expected.
Exhibit 5: R-squared of the regression of the robust optimization portfolios against the MVO portfolios and the respective risk-based portfolios as a function of the uncertainty  in asset mean returns. Unconstrained portfolios.
In the case with equal to the diagonal matrix with the estimated variances, we find an R-squared extremely close to 1 for all . However, there is no longer an analytical reason for the robust portfolio to be the exact weighted average of the MVO portfolio and the IV portfolio. Clearly, this should be expected in the case where all estimated correlations are zero. However, there are significant differences in the estimated correlations as seen in exhibit 2.
Adding the zero net adjustment to the Sharpe ratio estimation errors decreases slightly the R-squared for intermediate levels of uncertainty . But the values of R-squared remain very high, suggesting that the decomposition into a mean-variance portfolio and risk-based portfolio is still a relatively accurate representation of the robust portfolio.
Finally, in the case where is the identity matrix I, we find that the R-squared is no longer exactly one for all . The R-squared falls initially, as  increases, reaching a minimum of 82% at  = 4.06 as shown in Exhibit 5. Again, if the estimated correlations where zero and the estimated asset volatilities were the same, then we would expect an R-squared equal to one. But from Exhibit 2 we can see that the correlations are not zero and the volatilities are not comparable. formulation the absolute spread between the estimated and the true expected returns should be smaller than a given level of uncertainty . The robust portfolio can be found from:
where ̅ is the average of the volatility of all assets and, as before, n is the number of observations in the estimation of mean returns. The constraint in equation (31) defines a set of estimated mean returns that are close to the true expected returns and  can be chosen as a function of the confidence interval around each estimate .
In this formulation the optimization is less penalized by the estimation error in the vector of mean returns than it is in the quadratic formulation in (11), where the error in estimation is squared. In addition, no correlation between the errors in expected returns is considered.
In general, for the uncertainty set in estimated returns introduced in (31) we can write:
Using the same notation as for the quadratic formulation we can then rewrite the robust optimization problem as follows:
There are some important differences between this absolute formulation of the robust optimization problem and the quadratic formulation. Below we provide some intuition behind what to expect from solving equation (33) and highlight the key differences relative to the quadratic form.
Let us assume that asset p has the largest portfolio weight. We can then rewrite (33) by redefining the set of mean returns as follows:
While we could define the Lagrangian multiplier of the formulation (32), we cannot easily differentiate it because of the function max. Nevertheless, we can still take the limit of the equation (32) when → ∞ thanks to the budget constraint of portfolio weights adding to one. When the uncertainty in the expected returns is sufficiently large, the expected return of the portfolio ̅ and the variance of the portfolio can be neglected when compared to the term with the largest absolute asset weight in the portfolio. Thus, in the limit → ∞ we have
The only feasible solution to (35) is the EW portfolio. Thus, in this case the robust portfolio falls between the MVO portfolio in the deterministic limit of no uncertainty in the mean returns, → 0, and the equally-weighted portfolio in the limit of large uncertainty, when → ∞.
We can think of a different absolute formulation by defining the uncertainty set for the asset riskadjusted mean returns, i.e. Sharpe ratio, instead of defining the asset mean returns as in (31). Indeed, the idea that the estimation error in the asset mean returns should not be the same for all assets, irrespective of their volatility, seems reasonable.
Using the same arguments above, we can show that in the limit of large uncertainty in the estimation of the Sharpe ratio of different assets, the solution to this robust optimization problem converges towards:
In this case we need to maximize the risk budget allocated to each asset in the optimal portfolio instead of the weight of each asset. The only feasible solution to this problem is the ERB portfolio defined in (7). Thus, with this formulation, in the limit of large uncertainty in the Sharpe ratio of assets, the robust portfolio converges towards the ERB portfolio.
In Exhibit 6 we summarize the results found in the limit of large uncertainty when the absolute formulation of the robust optimization portfolio selection problem is used. The results are for unconstrained portfolios.
Exhibit 6: Risk-based portfolios found as solutions to the absolute formulation of the robust optimization portfolio selection problem in the limit of large uncertainty in expected returns (i.e. → ∞) for two different forms of estimation error in the vector of estimated returns. Unconstrained portfolios.
Exhibit 7: Exposure of the absolute robust optimization portfolios to the risk-based portfolio as a function of the uncertainty in the estimate returns for two different forms of the uncertainty box, one defined in terms of absolute error in asset mean returns and the other based on absolute error in asset Sharpe ratios. Unconstrained portfolios.
Absolute form: numerical application
As for the quadratic form, we investigated numerically the speed of convergence of the robust portfolios towards the MVO portfolio in the case of small uncertainty in mean returns and towards the risk-based portfolio in the case of large uncertainty in mean returns. We also projected the robust portfolio against the MVO and the respective risk-based limiting portfolio and investigated the Same error in Sharpe ratios accuracy of this portfolio decomposition by looking at the R-squared of the regression. We used the same inputs as before for the quadratic form, which can be found in Exhibit 2. The limiting portfolio allocations derived from these inputs can be found in Exhibit 3.
Exhibit 8: R-squared of the regression of the absolute form robust optimization portfolios against the MVO portfolios and the respective risk-based portfolios as a function of the uncertainty  in the mean returns. Unconstrained portfolios.
In Exhibit 7 we show the exposure of the robust portfolio to the respective risk-based limiting portfolio obtained from the regression of the robust portfolio against the two limiting portfolios, i.e.
the MVO and the respective risk-based portfolio. As we also found in the quadratic formulation, the robust portfolio deviates quickly from the MVO portfolio as soon as some level of uncertainty in mean returns or Sharpe ratios is introduced. We also find that the convergence of the robust portfolios towards a risk-based portfolio seems faster with the absolute formulation than with the quadratic formulation.
Finally, unlike what we had seen in the case of the quadratic formulation, the exposure to the limiting risk-based portfolio has discontinuities in its first derivative with respect to .
If we compare Exhibit 8 with Exhibit 5 we tend to find a lower R-squared for the absolute formulation of the robust optimization problem, in particular in the case where the estimation error is associated with the asset Sharpe ratios. The decomposition of the robust portfolio as a linear combination of an MVO and a risk-based portfolio seems to be more accurate in the case of the quadratic formulation. problem, e.g. a long-only constraint. In fact, the results derived in this paper continue to hold even if subject to other portfolio constraints. The only difference is that the limiting portfolios in the case of small uncertainty and large uncertainty will be, respectively, the constrained MVO portfolio and the constrained risk-based portfolio obtained by solving equations (6) through (9) subject to those portfolio constraints.
Exhibit 9: Exposure of the quadratic robust optimization portfolio to the risk-based portfolio as a function of the uncertainty in the estimate returns for three different forms of the covariance matrix of the estimation error in the mean returns, with one example also including a zero net adjustment imposed to the estimation error of Sharpe ratios. Long-only constrained portfolios.
A second question is whether, at intermediate levels of uncertainty, the decomposition of robust portfolios into a weighted average of a constrained MVO portfolio and a constrained risk-based portfolio is less accurate. On this point, it can be shown that for the quadratic case with a choice
, equation (23) We repeated the analysis carried out earlier for the quadratic formulation and presented in Exhibits 4
and 5, but now also imposing a long-only constraint. The long-only constraint has an impact on the MVO portfolio and on the MV portfolio which can be found in Exhibit 3. The results can be found in Exhibits 9 and 10. The speed of convergence changes but the results do not change significantly and the decomposition of the robust portfolio still appears to be a reasonably good representation of the robust portfolio in most cases.
Exhibit 10: R-squared of the regression of the robust optimization portfolios against the MVO portfolios and the respective risk-based portfolios as a function of the uncertainty  in asset mean returns. Long-only constrained portfolios.
CONCLUSIONS
We show that robust portfolios converge towards the mean-variance portfolio when the uncertainty in the estimation of asset mean returns is small. When uncertainty is sufficiently large, the robust portfolio converges towards risk-based portfolio allocations. The type of risk-based portfolio found in this limit depends on the formulation of the robust optimization problem.
We considered two different types of formulation, quadratic and absolute, and different forms of uncertainty in the estimation of asset mean returns. The risk-based portfolio found in the limit of large uncertainty is intuitive. We could associate the MV, EW, IV and ERB portfolios as robust portfolio We also show that a simple weighted average of the mean-variance portfolio and the risk-based limiting portfolio gives a good description of the underlying robust portfolio allocation in most cases and at different levels of uncertainty in the estimation of returns. For the quadratic formulation, assuming that the covariance of errors in the estimation of the asset mean returns is proportional to the estimated covariance of asset returns, this result is exact, even in the presence of portfolio constraints.
We have also investigated a less conservative form of the quadratic formulation in which we add a zero net adjustment constraint to render the problem less conservative. We still find that the limiting portfolios in the cases of low and high uncertainty are the mean-variance portfolio and a risk-based portfolio, respectively. And the robust portfolio is still relatively well represented by a weighted average of the mean-variance portfolio and the risk-based portfolio at intermediate levels of
Finally, we also show that the results hold even in the presence of portfolio constraints. In this case the limiting portfolios are the similarly constrained mean-variance portfolio and risk-based portfolios.
We believe that our results help to demystify robust optimization and give some guidance on how to interpret the final portfolio allocation even in the presence of constraints. We also give investors a tool to better understand the limitations of the approach and gauge its usefulness in practical investment problems.
In particular, robust optimization can be used to add expected returns in problems where investors had to some extent given up. We can think of risk parity multi-asset allocation as one example. Investors have been pouring assets into risk parity multi-asset portfolios. Such strategies risk delivering poorer investment returns in the future due to the current low level of Treasury yields. Results from Assness, Frazzini and Pedersen [2012] show that risk parity multi-asset strategies can underperform other wellknown multi-asset strategies for decades in rising yield conditions. Robust optimization offers the possibility of tilting the portfolio away from the risk parity portfolio by taking into account expected returns views with a given level of uncertainty.
Recently we have also witness increasing flows into equity MV strategies. Again, robust optimization offers fund managers the means to include expected returns in their allocations by tilting gently away from the MV portfolio. For example, a view on stock returns generated from fundamental considerations could be added.
Other approaches competing with robust optimization have recently been proposed in the literature. In particular Heansen et al. [2014] and Jurczenko and Teiletche [2015] recently proposed BlackLitterman approaches in which the prior is no longer the market portfolio as in the original formulation of Black and Litterman [1992] . Instead they proposed the use of risk-based portfolios as a prior. The results from such approaches may not too different from those given by some robust optimization formulations that reach the same risk-based portfolio in the limit of large uncertainty, and provided they express their views using mean-variance portfolios. But even in such a case, the underlying allocations are not always necessarily comparable and robust optimization has a stronger theoretical underpinning, in our view. We believe that more research is needed in order to compare these different approaches and to investigate the added value from the departure of robust optimized portfolio from the simple weighted average of a mean-variance and a risk-based portfolio which is only exact in the case of the quadratic formulation with an covariance matrix of estimation errors proportional to the estimated covariance matrix of asset returns.
NOTES
1-Proponents of these approaches have used empirical evidence to defend their choices of parameters and approaches to risk-based portfolio construction. Indeed, there is empirical evidence that stock returns are relatively insensitive to risk and that the slope of the market line is practically zero, motivating the choice of equal means for all stocks and the use of the MV approach for stock portfolios. In turn there is empirical evidence that the Sharpe ratio of all asset classes is comparable (with the single exception of commodities).
This has motivated the use of equal risk budgeting approaches (risk parity) for strategic asset allocation and could also justify the use of maximum diversification approaches for such problems.
2-In this paper we use the more conventional definition of for the estimated covariance matrix and for the covariance matrix of estimated errors in asset mean returns. We note that Scherer [2006] uses exactly the opposite convention.
3-We could think of a fourth choice for the covariance matrix of estimation errors in the mean returns that in the limit of large uncertainty would lead to the maximum diversification portfolio proposed by Chouefaty and Coignard [2008] . The maximum diversification portfolio can also be obtained from MVO by assuming that the asset means returns are proportional to the estimated volatilities. If we defined two new matrices, one with the estimated correlations of asset returns and a second a diagonal matrix with asset volatilities, then with the choice = , the robust portfolio will converge towards the maximum diversification portfolio in the limit of large uncertainty.
However, this is not necessarily symmetric and is difficult to interpret. For that reason we do not discuss this choice of quadratic robust optimization any further.
ANNEX
Here we investigate the limit of large uncertainty for the quadratic formulation of the robust portfolio optimization problem when a zero net adjustment constraint is imposed to the Sharpe ratio estimation errors. Equation (38) below closely resembles equation (11) 
where ∆ is the estimation error in the Sharpe ratio of asset i. From equation (24), i.e. the Lagrangian with all constraints, and taking into account the fact that = A, then:
with the matrix defined as in (27). However, since = , = − , and we can write as:
An increase in will increase the values of this covariance matrix . The problem can then be written as follows when → ∞: 
We can use (43) show that is the eigenvector according to the unique zero eigenvalue of .
Equation (44) . . = 1
And then, with a zero net adjustment constraint imposed to the Sharpe ratio estimation errors and = A, the robust portfolio converges towards the ERB portfolio.
